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SPECIALIZATION RESULTS AND RAMIFICATION
CONDITIONS
FRANC¸OIS LEGRAND
Abstract. Given a hilbertian field k of characteristic zero and
a finite Galois extension E/k(T ) with group G such that E/k is
regular, we produce some specializations of E/k(T ) at points t0 ∈
P1(k) which have the same Galois group but also specified inertia
groups at finitely many given primes. This result has two main
applications. Firstly we conjoin it with previous works to obtain
Galois extensions of Q of various finite groups with specified local
behavior - ramified or unramified - at finitely many given primes.
Secondly, in the case k is a number field, we provide criteria for
the extension E/k(T ) to satisfy this property: at least one Galois
extension F/k of group G is not a specialization of E/k(T ).
1. Introduction
The Inverse Galois Problem (IGP) over a given number field k asks
whether any given finite group G occurs as the Galois group of a finite
Galois extension F/k. Refined versions of the IGP over k impose some
further conditions on the local behavior at finitely many primes of k.
For example, we may require no prime of a given finite set S to ramify
in F/k. From a theorem of Shafarevich, this is always possible if k = Q
and G is solvable [KM04, theorem 6.1]. Moreover, if G has odd order,
one can add the Grunwald conclusion: the completion of F/Q at each
prime p ∈ S can be prescribed [Neu79] [NSW08, (9.5.5)]. Here we are
interested in ramification prescriptions at finitely many given primes.
From the Hilbert Irreducibility Theorem, Galois extensions of k of
group G can be obtained by specializing Galois extensions E/k(T ) with
group G such that E/k is regular1; many groups occur as the Galois
group of such an extension. Let E/k(T ) be a Galois extension of group
G such that E/k is regular and {t1, . . . , tr} its branch point set. Our
question is whether, for suitable points t0 ∈ P1(k) r {t1, . . . , tr}, in
addition to Gal(Et0/k) = G, one can prescribe the inertia groups of
the specialization Et0/k of E/k(T ) at t0 at finitely many given primes.
Date: December 3, 2018.
1i.e. E ∩ k = k; see §2.1 for basic terminology.
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Given a prime P of k, not in the finite list of bad primes for E/k(T )
(definition 2.6), and a point t0 ∈ P1(k)r {t1, . . . , tr}, a classical neces-
sary condition for P to ramify in Et0/k is that t0 meets some branch
point tiP modulo P (definition 2.2). As a consequence, P should admit
a prime divisor of residue degree 1 in the field extension k(tiP )/k (say
for short that “tiP is rationalized by P”). Moreover the inertia group
of Et0/k at P is known to be generated by some power gaPiP (depend-
ing on t0 and tiP ) of the distinguished generator giP of some inertia
group of EQ/Q(T ) at tiP . We refer to §2.2 for a precise statement (the
“Specialization Inertia Theorem”), more details and references.
Our main result in §3.1 provides some converse to the latter conclu-
sion: for all primes P but in a certain finite list Sexc, if P rationalizes
tiP , in particular if tiP is itself k-rational, then it is possible to prescribe
the above exponent aP for some suitable points t0 ∈ P1(k)r{t1, . . . , tr}.
Denote the inertia canonical invariant of E/k(T ) by (C1, . . . , Cr),
i.e., for each i = 1, . . . , r, Ci is the conjugacy class in G of gi (see §2.1).
Theorem 1 (corollary 3.3) Let S be a finite set of primes P of k not
in the finite list Sexc, each given with a couple (iP , aP) where
- iP is an index in {1, . . . , r} such that tiP is rationalized by P,
- aP is a positive integer.
Then there exist infinitely many distinct points t0 ∈ P1(k)r{t1, . . . , tr}
such that the specialization Et0/k of E/k(T ) at t0 satisfies the following
two conditions:
(1) Gal(Et0/k) = G,
(2) for each prime P ∈ S, the inertia group of Et0/k at P is generated
by some element of CaPiP .
Our condition P 6∈ Sexc on the primes is that P should be a good prime
for E/k(T ) such that tiP and 1/tiP are integral over the localization
AP of the integral closure A of Z in k at P.
Part (2) of the conclusion is proved in a more general situation with
the number field k replaced by the quotient field of any Dedekind do-
main A of characteristic zero and holds for all (but finitely many) points
t0 in an arithmetic progression (theorem 3.1). Furthermore part (1) is
satisfied if k is hilbertian or if the inertia canonical invariant of E/k(T )
satisfies some g-complete hypothesis. We refer to §3.1.2 for more de-
tails and extra conclusions on the set of points t0 at which conditions
(1) and (2) above simultaneously hold.
Related conclusions can be found in an earlier paper of Plans and
Vila [PV05], for specific finite Galois extensions E/Q(T ) such that
E/Q is regular, generally derived from the rigidity method. Here there
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are no restriction on the extension E/Q(T ) and the inertia groups
may be specified. However a finite list of primes is excluded from our
conclusions; in particular any wild ramification situation is left aside.
Many finite groups are known to occur as the Galois group of a Galois
extension E/Q(T ) such that E/Q is regular (fix k = Q for simplicity)
and with at least oneQ-rational branch point (for example, the Monster
group does), in which case theorem 1 produces Galois extensions of Q
with the same group which ramify at any finitely many given large
enough primes. Some examples are given in §3.2.
However the assumption on the branch points cannot be removed.
Indeed, given an odd prime p, Galois extensions of Q of group Z/pZ
are known to ramify only at p or at primes q such that q ≡ 1 mod p
[Tra90, theorem 1]. And it is known from [DF90, corollary 1.3] that
there are no Galois extension E/Q(T ) of group Z/pZ such that E/Q
is regular and with at least one Q-rational branch point.
On the other hand, theorem 1 also includes trivial ramification at
P, by taking aP equal to (a multiple of) the order of the elements of
CiP . In this unramified context, similar more precise conclusions are
given in the two papers [DG12] and [DG11] of De`bes and Ghazi: they
have some additional control on the decomposition groups. As shown
in §3.3, it is in fact possible to conjoin their statement and theorem
1 to obtain, for any finite group G which occurs as the Galois group
of a Galois extension E/Q(T ) with E/Q regular, a general existence
result of Galois extensions of Q of group G with specified local behavior
(ramified or unramified). Our theorem 3.8 gives the precise statement.
Given a finite group G, we also use theorem 1 in §4 to give negative
answers to the question of whether a given Galois extension F/k of
group G is a specialization of a given Galois extension E/k(T ) with
group G and such that E/k is regular in the case k is a number field.
This has been already investigated in [De`b99], [DG12], [DG11] (and
also in [DL13] and [DL12] in the non Galois case) for any base field k
and positive answers have been given over various fields such as PAC
fields, finite fields or complete valued fields. Recall for example that,
given a PAC2 field k, any Galois extension F/k of group G is the
specialization Et0/k at t0 of any Galois extension E/k(T ) with group
G and E/k regular for infinitely many distinct points t0 ∈ P1(k).
However, in the case k is a number field, the situation is more unclear.
If our given extension E/k(T ) has genus ≥ 2, the Faltings Theorem
shows that a given finite Galois extension F/k of group G occurs as
the specialization Et0/k at t0 for only finitely many distinct points
2 i.e. such that any non-empty geometrically irreducible k-variety has a Zariski-
dense set of k-rational points.
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t0 ∈ P1(k). Moreover there is at least one extension F/k (in fact
infinitely many if G is not trivial) for which there is at least one point
t0 while, for another one, there may be no point at all: for instance,
the imaginary quadratic extension Q(i)/Q is not a specialization of
Q(T )(
√
T 2 + 1)/Q(T ).
We offer here a systematic approach to produce Galois extensions
E/k(T ) of group G with E/k regular which are not G-parametric over
k, i.e. such that the answer is negative for at least one Galois extension
F/k of group G. We refer to §4.1 for some basics on these extensions.
Let k be a number field, G a finite group and E1/k(T ), E2/k(T )
two Galois extensions of group G such that E1/k and E2/k each is
regular. We use the previous results to produce some specializations
of E1/k(T ) of group G which each is not a specialization of E2/k(T )
(and so E2/k(T ) is not G-parametric over k). More precisely, we pro-
vide two different sufficient conditions which each guarantees such a
situation. The first one (Branch Point Hypothesis) involves the branch
point arithmetic while the second one (Inertia Hypothesis) is a more
geometric condition on the inertia of the two extensions E1/k(T ) and
E2/k(T ). Theorem 4.2 gives the precise statement; it is the aim of §4.2.
These two criteria allow us to give many new examples of non para-
metric extensions over number fields. We give here (§4.3)
- a result on four branch point Galois extensions (corollary 4.4); exam-
ples with G = Z/2Z and G = A5 are then given (corollaries 4.5-6),
- for each integer n ≥ 3, a practical result with G = Sn (corollary 4.7).
Many other examples are given in [Leg15], which is specifically devoted
to parametric extensions, and in [Leg13, chapters 2-3].
Acknowledgements. I am very grateful to my advisor Pierre De`bes
for his many re-readings and valuable comments. I also wish to thank
Michel Emsalem for helpful discussions regarding the Specialization
Inertia Theorem and the anonymous referee for his/her thorough work.
2. First statements on ramification in specializations
We first set up the terminology and notation for the basic notions
we will use in this paper. §2.1 is concerned with Galois extensions of
k(T ) while we review and complement in §2.2 some general facts about
the ramification in their specializations. Finally §2.3 is devoted to a
preliminary ramification criterion at one prime.
2.1. Basics on Galois extensions of k(T ). Given a field k of char-
acteristic zero, fix an algebraic closure k of k and denote its absolute
Galois group by Gk. Let T be an indeterminate and E/k(T ) a finite
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Galois extension such that E/k is regular (i.e. E ∩ k = k). Denote its
Galois group by G. For more on below, we refer to [De`b09, chapter 3].
2.1.1. Branch points. Denote the integral closure of k[T ] (resp. of
k[1/T ]) in Ek by B (resp. by B∗). A point t0 ∈ k (resp. ∞) is
said to be a branch point of E/k(T ) if the prime (T − t0) k[T ] (resp.
(1/T ) k[1/T ]) ramifies in B (resp. in B∗). The extension E/k(T ) has
only finitely many branch points, denoted by t1, . . . , tr.
2.1.2. Inertia canonical invariant. Fix a coherent system {ζn}∞n=1 of
roots of unity, i.e. ζn is a primitive n-th root of unity and ζ
n
nm = ζm
for any positive integers n and m.
To each ti can be associated a conjugacy class Ci of G, called the
inertia canonical conjugacy class (associated with ti), in the following
way. The inertia groups of Ek/k(T ) at ti are cyclic conjugate groups
of order equal to the ramification index ei. Furthermore each of them
has a distinguished generator corresponding to the automorphism (T −
ti)
1/ei 7→ ζei(T − ti)1/ei of k(((T − ti)1/ei)) (replace T − ti by 1/T if ti =
∞). Then Ci is the conjugacy class of all the distinguished generators
of the inertia groups at ti. The unordered r-tuple (C1, . . . , Cr) is called
the inertia canonical invariant of E/k(T ).
2.1.3. Specializations. If t0 ∈ P1(k) is not a branch point, the residue
field of some prime above t0 in E/k(T ) is denoted by Et0 and we call
the extension Et0/k the specialization of E/k(T ) at t0 (this does not
depend on the choice of the prime above t0 since the extension E/k(T )
is Galois). It is a Galois extension of k of Galois group a subgroup of
G, namely the decomposition group of the extension E/k(T ) at t0.
In the case E/k(T ) is given by a polynomial P (T,X) ∈ k[T ][X ], the
following lemma is useful:
Lemma 2.1. Let P (T,X) ∈ k[T ][X ] be a monic (with respect to X)
separable polynomial of splitting field E over k(T ). Then, for any t0 ∈ k
such that the specialized polynomial P (t0, X) is separable over k, t0 is
not a branch point and the specialization Et0/k of E/k(T ) at t0 is the
splitting extension over k of P (t0, X).
2.2. Conditions on ramification in specializations. The aim of
this subsection is the “Specialization Inertia Theorem” (§2.2.3) which is
a slightly more general version of a Beckmann’s result [Bec91, proposi-
tion 4.2]. We before review and complement in §2.2.1-2 some background.
Let A be a Dedekind domain of characteristic zero, k its quotient field
and P a (non-zero) prime of A. Denote the valuation of k corresponding
to P by vP .
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2.2.1. Meeting. Throughout this subsubsection, we will identify P1(k)
with k ∪ {∞} and set
- 1/∞ = 0,
- 1/0 =∞,
- vP(∞) = −∞,
- vP(0) =∞.
Now recall the following definition:
Definition 2.2. (1) Let F/k be a finite extension, AF the integral closure
of A in F , PF a (non-zero) prime of AF and t0, t1 ∈ P1(F ). We say that
t0 and t1 meet modulo PF if either one of the following two conditions
holds:
(a) vPF (t0) ≥ 0, vPF (t1) ≥ 0 and vPF (t0 − t1) > 0,
(b) vPF (t0) ≤ 0, vPF (t1) ≤ 0 and vPF ((1/t0)− (1/t1)) > 0.
(2) Given t0, t1 ∈ P1(k), we say that t0 and t1 meet modulo P if there
exists some finite extension F/k satisfying the following two conditions:
(a) t0, t1 ∈ P1(F ),
(b) t0 and t1 meet modulo some prime of F lying over P.
Remark 2.3. (1) Part (2) of definition 2.2 does not depend on the choice
of the finite extension F/k such that t0, t1 ∈ P1(F ).
(2) If t0 ∈ P1(k) meets t1 modulo P, then t0 meets each k-conjugate of
t1 modulo P.
Let T be an indeterminate. Throughout this paper, the irreducible
polynomial over k of any point t1 ∈ P1(k) will be denoted by mt1(T )
(set mt1(T ) = 1 if t1 = ∞). Denote its constant coefficient by at1 .
Then the irreducible polynomial of 1/t1 over k is
- m1/t1(T ) = (1/at1) T
deg(mt1 (T ))mt1(1/T ) if t1 ∈ k r {0},
- m1/t1(T ) = 1 if t1 = 0,
- m1/t1(T ) = T if t1 =∞.
Fix t1 ∈ P1(k). Throughout §2.2.1, we will assume that vP(at1) = 0
if t1 6= 0 to make the intersection multiplicity well-defined in definition
2.4 below. Let t0 ∈ P1(k).
Definition 2.4. The intersection multiplicity IP(t0, t1) of t0 and t1 at P
is IP(t0, t1) =
{
vP(mt1(t0)) if vP(t0) ≥ 0,
vP(m1/t1(1/t0)) if vP(t0) ≤ 0.
Lemma 2.5 below will be used on several occasions in this paper:
Lemma 2.5. (1) If IP(t0, t1) > 0, then t0 and t1 meet modulo P.
(2) The converse is true if mt1(T ) ∈ AP [T ].
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Proof. First of all, we note the following simple statement which will
be used on several occasions in this paper:
(∗) Let m(T ) ∈ AP [T ] be a non constant monic polynomial, L/k
any finite extension, Q a prime of L above P and t ∈ L such that
vQ(m(t)) ≥ 0 (in particular if t is a root of m(T )). Then vQ(t) ≥ 0.
Indeed assume that vQ(t) < 0. Set m(T ) = a0+a1T + · · ·+an−1T n−1+
T n. Since m(T ) ∈ AP [T ], one has vQ(ajtj) > vQ(tn) for each index
j ∈ {0, . . . , n− 1}. Hence vQ(m(t)) = vQ(tn) < 0; a contradiction.
To prove lemma 2.5, set mt1(T ) =
∏n
i=1(T − ti) (if t1 6= ∞) and fix
a prime Q of k(t1, . . . , tn) above P. We successively prove conclusions
(1) and (2).
(1) First assume that vP(t0) ≥ 0. Then one has vP(mt1(t0)) > 0 from
our assumption IP(t0, t1) > 0 and t1 6= ∞ (otherwise 1 = mt1(t0) ∈
PAP). Hence one has
∑n
i=1 vQ(t0 − ti) > 0. Consequently there exists
some index i0 ∈ {1, . . . , n} such that vQ(t0− ti0) > 0. Since vQ(t0) ≥ 0,
one has vQ(ti0) ≥ 0. Hence t0 and ti0 meet modulo P and the conclusion
follows from part (2) of remark 2.3.
Now assume that vP(t0) ≤ 0. Then one has vP(m1/t1(1/t0)) > 0 and
t1 6= 0 (otherwise 1 = m1/t1(1/t0) ∈ PAP). If t1 = ∞, then t0 and
t1 meet modulo P. If t1 6= ∞, one has m1/t1(T ) =
∏n
i=1(T − (1/ti)).
Hence
∑n
i=1 vQ((1/t0) − (1/ti)) > 0. Consequently there exists some
index i0 ∈ {1, . . . , n} such that vQ((1/t0)− (1/ti0)) > 0. As before, t0
and ti0 meet modulo P and one concludes from part (2) of remark 2.3.
(2) Now assume that t0 and t1 meet modulo P and mt1(T ) ∈ AP [T ] 3.
It is easily checked that conclusion (2) holds if t1 ∈ {0,∞}, so assume
that t1 6∈ {0,∞}.
First consider the case vQ(t0) ≥ 0, vQ(t1) ≥ 0 and vQ(t0 − t1) > 0.
Given an index i ∈ {1, . . . , n}, statement (∗) (applied to the polynomial
mt1(T )) shows that one has vQ(ti) ≥ 0, and then vQ(t0−ti) ≥ 0. Hence
vQ(mt1(t0)) ≥ vQ(t0 − t1) > 0, i.e. IP(t0, t1) > 0.
Now consider the case vQ(t0) ≤ 0, vQ(t1) ≤ 0 and vQ((1/t0) −
(1/t1)) > 0. Given an index i ∈ {1, . . . , n}, statement (∗) (applied
this time to the polynomial m1/t1(T )) shows that one has vQ(1/ti) ≥ 0,
and then vQ((1/t0)− (1/ti)) ≥ 0. Hence vQ(m1/t1(1/t0)) ≥ vQ((1/t0)−
(1/t1)) > 0, i.e. IP(t0, t1) > 0. 
2.2.2. Good primes. Continue with the same notation as before. Let
G be a finite group and E/k(T ) a Galois extension of group G with
E/k regular. Denote its branch point set by {t1, . . . , tr}.
3and so m1/t1(T ) does too due to our assumption stated before definition 2.4.
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Definition 2.6. We say that P is a bad prime for E/k(T ) if at least one
of the following four conditions holds:
(1) |G| ∈ P,
(2) two distinct branch points meet modulo P,
(3) E/k(T ) has vertical ramification at P, i.e. the prime PA[T ] of A[T ]
ramifies in the integral closure of A[T ] in E 4,
(4) P ramifies in k(t1, . . . , tr)/k.
Otherwise P is called a good prime for E/k(T ).
Remark 2.7. (1) There are only finitely many bad primes for E/k(T ).
(2) Condition (4) above does not appear in [Bec91] but seems to be
missing for the proof of proposition 4.2 of this paper to work. Indeed,
although it is stated and used at the beginning of the proof there,
it seems unclear that any prime of A which ramifies in the extension
k(t1, . . . , tr)/k should be a bad prime for E/k(T ).
In fact, if P satisfies condition (4) and this extra condition:
(4’) ti or 1/ti is integral over AP (i.e. mti(T ) or m1/ti(T ) has coeffi-
cients in AP) for each non k-rational branch point ti,
then P satisfies condition (2) of definition 2.6 5.
Indeed, if P ramifies in k(t1, . . . , tr)/k, then P does in some k(ti)/k
and so ti is not k-rational. So assume from the extra condition (4’) that
ti is integral over AP (the other case for which 1/ti is integral over AP
is quite similar). Hence PAP contains the discriminant of the integral
k-basis {1, ti, . . . , t[k(ti) : k]−1i } of k(ti), i.e. the discriminant of mti(T ).
This sole condition shows that condition (2) of definition 2.6 holds.
Indeed, first remark that ti is not k-rational (otherwise 1 ∈ PAP). Let
Q be a prime of the splitting field over k of mti(T ) =
∏
j(T − tj) above
P. As ∏j 6=j′(tj − tj′) ∈ PAP , there are two indices j 6= j′ such that
vQ(tj − tj′) > 0. If vQ(tj) ≥ 0, then vQ(tj′) ≥ 0 and tj and tj′ meet
modulo P. If vQ(tj) < 0, then vQ(tj′) < 0 and vQ((1/tj) − (1/tj′)) =
vQ(tj − tj′)− vQ(tj)− vQ(tj′) > 0. Hence tj and tj′ meet modulo P.
In particular, we obtain lemma 2.8 below:
Lemma 2.8. Let i ∈ {1, . . . , r} and t0 ∈ AP . Assume that mti(T ) ∈
AP [T ], vP(mti(t0)) > 0 and vP(m
′
ti
(t0)) > 0. Then P is a bad prime
for E/k(T ).
2.2.3. Ramification in specializations of E/k(T ). Continue with the
same notation as before. For each index i ∈ {1, . . . , r}, let gi be the
distinguished generator of some inertia group of Ek/k(T ) at ti.
4If G has trivial center, this condition may be removed [Bec91, proposition 2.3].
5and then P is a bad prime in the sense of Beckmann.
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Specialization Inertia Theorem. Let t0 ∈ P1(k)r {t1, . . . , tr}.
(1) If P ramifies in Et0/k, then E/k(T ) has vertical ramification at P
or t0 meets some branch point modulo P.
(2) Fix an index j ∈ {1, . . . , r} such that t0 and tj meet modulo P.
Assume that the following two conditions hold:
(a) P is a good prime for E/k(T ),
(b) tj and 1/tj are integral over AP .
Then the inertia group of Et0/k at P is (conjugate in G to) 〈gIP(t0,tj)j 〉.
In the case tj 6∈ {0,∞}, condition (b) in part (2) above is equivalent
to tj being a unit in k with respect to any prolongation of vP to k
(statement (∗)). It will be used on several occasions in this paper; we
will say for short that “P unitizes tj”.
As already alluded to, this result is a version of [Bec91, proposition
4.2] with less restrictive hypotheses. Part (1) may be obtained from
the algebraic cover theory of Grothendieck while part (2) follows from
the original proof of [Bec91, proposition 4.2] and some work of Flon
[Flo02, theorem 1.3.3] (and the necessary adjustment alluded to in part
(2) of remark 2.7). “A unified and detailed proof” is given in [Leg13].
2.3. Ramification criteria at one prime. Our next goal (achieved
with theorem 3.1) is to show that, for some good choice of the special-
ization point t0, ramification can be prescribed at finitely many primes
in the specialization Et0/k within the Specialization Inertia Theorem
limitations. We start by the special but useful case where there is a
single prime and the requirement is that it does ramify (corollary 2.12).
Continue with the same notation as before. Let xP be a generator of
the maximal ideal PAP of AP . Assume in proposition 2.9 below that
P is a good prime for E/k(T ) unitizing each branch point.
Proposition 2.9. Let t0 ∈ P1(k) r {t1, . . . , tr} such that vP(t0) ≥ 0
(resp. vP(t0) ≤ 0) and neither t0 nor t0 + xP is in {t1, . . . , tr} (resp.
neither t0 nor t0/(1 + xP t0)
6 is in {t1, . . . , tr}). Then the following
two conditions are equivalent:
(1) t0 meets some branch point modulo P (in both cases),
(2) P ramifies in Et0/k or in Et0+xP/k (resp. in Et0/k or in Et0/(1+xP t0)/k).
Proof. We may assume that vP(t0) ≥ 0 (the other case for which
vP(t0) ≤ 0 is quite similar).
First assume that condition (2) holds. From part (1) of the Special-
ization Inertia Theorem, one may assume that P ramifies in Et0+xP/k.
6Replace t0/(1 + xP t0) by 1/xP if t0 =∞.
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Hence t0 + xP meets some branch point ti modulo P. Since mti(T ) ∈
AP [T ], the converse in part (1) of lemma 2.5 holds and IP(t0+xP , ti) >
0, i.e. vP(mti(t0 + xP)) > 0. From Taylor’s formula, there exists some
element RP ∈ AP such that
mti(t0) = mti(t0 + xP) + xP RP
Hence vP(mti(t0)) > 0, i.e. IP(t0, ti) > 0. It then remains to apply
part (1) of lemma 2.5 to finish the proof of implication (2) ⇒ (1).
Now assume that t0 and ti meet modulo P (and then IP(t0, ti) > 0
from the converse in part (1) of lemma 2.5). From part (2) of the Spe-
cialization Inertia Theorem, P ramifies in Et0/k if and only if IP(t0, ti)
is not a multiple of the order of the distinguished generator gi, i.e.
if and only if vP(mti(t0)) is not either. Hence we may assume that
vP(mti(t0)) ≥ 2. Taylor’s formula yields
mti(t0 + xP) = mti(t0) + xP m
′
ti
(t0) + x
2
P RP
with RP ∈ AP . Then vP(mti(t0 + xP)) = 1 since vP(mti(t0)) ≥ 2,
vP(xP m
′
ti
(t0)) = 1 (lemma 2.8) and vP(x
2
P RP) ≥ 2. Hence P ramifies
in Et0+xP/k and condition (2) holds. 
Now recall the following definition:
Definition 2.10. Let P (T ) ∈ k[T ] be a non constant polynomial. We
say that P is a prime divisor of P (T ) if there exists some element t0 ∈ k
such that vP(P (t0)) > 0.
Remark 2.11. Assume that P (T ) is in AP [T ] and vP(P (t0)) > 0. Fix
a ∈ PAP . As noted in the second paragraph of the proof of proposition
2.9, one has vP(P (t0 + a)) > 0. Moreover, if vP(a) > vP(P (t0)), then
vP(P (t0 + a)) = vP(P (t0)).
Setmt(T ) =
∏r
i=1mti(T ) andm1/t(T ) =
∏r
i=1m1/ti(T ). Then corol-
lary 2.12 below follows:
Corollary 2.12. Assume that P is a good prime for E/k(T ) unitizing
each branch point. Then the following two conditions are equivalent:
(1) P ramifies in at least one specialization of E/k(T ),
(2) P is a prime divisor of mt(T ) ·m1/t(T ).
Proof. First assume that there is some t0 ∈ P1(k) r {t1, . . . , tr} such
that P ramifies in Et0/k. Suppose that vP(t0) ≥ 0 (the other case
for which vP(t0) ≤ 0 is similar). As noted in the second paragraph of
the proof of proposition 2.9, one has vP(mti(t0)) > 0 for some i ∈
{1, . . . , r}. But mt1(T ), . . . , mtr(T ), m1/t1(T ), . . . , m1/tr(T ) ∈ AP [T ]
and t0 ∈ AP . Then vP(mt(t0) ·m1/t(t0)) > 0 and condition (2) holds.
SPECIALIZATION RESULTS AND RAMIFICATION CONDITIONS 11
Conversely assume that condition (2) holds. Fix t0 ∈ k such that
vP(mt(t0) ·m1/t(t0)) > 0. From statement (∗), one has vP(t0) ≥ 0. As-
sume that vP(mt(t0)) > 0 (the other case for which vP(m1/t(t0)) > 0 is
similar). Then there is an index i ∈ {1, . . . , r} such that vP(mti(t0)) >
0 (and so condition (1) of proposition 2.9 holds from part (1) of lemma
2.5). From remark 2.11, one may assume that neither t0 nor t0 + xP is
in {t1, . . . , tr} and the conclusion follows from proposition 2.9. 
3. Specializations with specified local behavior
This section is devoted to theorem 3.1 (our most general result)
which is more general than theorem 1 from the introduction; it is the
aim of §3.1.1. We then give in §3.1.2 two more practical forms of this
statement (corollaries 3.3 and 3.4). We next apply these results to some
classical Galois extensions of Q(T ) in §3.2. Finally §3.3 is devoted to
theorem 3.8 which, as alluded to in the introduction, conjoins theorem
3.1 and previous results.
3.1. Specializations with specified inertia groups. Fix a Dedekind
domain A of characteristic zero and denote its quotient field by k. Let
G be a finite group and E/k(T ) a Galois extension of group G such
that E/k is regular. Denote its branch point set by {t1, . . . , tr} and its
inertia canonical invariant by (C1, . . . , Cr).
3.1.1. General result. Given a positive integer s, fix s distinct good
primes P1, . . . ,Ps for E/k(T ) and s couples (i1, a1), . . . , (is, as) where,
for each index j ∈ {1, . . . , s},
(a) ij is an index in {1, . . . , r} such that Pj is a prime divisor of the
polynomial mtij (T ) ·m1/tij (T ) and unitizes tij ,
(b) aj is a positive integer.
Theorem 3.1. There are infinitely many distinct t0 ∈ k r {t1, . . . , tr}
such that, for each j ∈ {1, . . . , s}, the inertia group at Pj of the spe-
cialization Et0/k of E/k(T ) at t0 is generated by some element of C
aj
ij
.
Addendum 3.1. For each j ∈ {1, . . . , s}, let xPj ∈ A be a generator of
PjAPj . Denote the set of all j ∈ {1, . . . , s} such that tij 6=∞ by S.
There exists some θ ∈ k such that the conclusion of theorem 3.1 holds
at any point t0,u ∈ k r {t1, . . . , tr} of the form t0,u = θ + u
∏
l∈S x
al+1
Pl
,
with u any element of k such that vPl(u) ≥ 0 for each index l ∈
{1, . . . , s}. Furthermore, if S = {1, . . . , s} (in particular if ∞ is not a
branch point), then such an element θ may be chosen in A.
Remark 3.2. For some j, there may be no index i such that Pj is a prime
divisor of mti(T ) · m1/ti(T ). In this case, if Pj unitizes each branch
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point, then Et0/k ramifies at Pj for no point t0 ∈ P1(k) r {t1, . . . , tr}
(corollary 2.12). If there exists such an index ij , theorem 3.1 also
provides specializations of E/k(T ) which each does not ramify at Pj ,
by taking aj equal to (a multiple of) the order of the elements of Cij .
Conjoining these two facts yields the following:
Assume that each prime Pj, j = 1, . . . , s, is a good prime for E/k(T )
unitizing each branch point. Then there exist infinitely many distinct
points t0 ∈ kr{t1, . . . , tr} such that P1, . . . ,Ps are unramified in Et0/k.
As in theorem 3.1, the conclusion holds at all (but finitely many) points
in an arithmetic progression.
Theorem 3.1 is proved in §3.4.
3.1.2. Conjoining theorem 3.1 and the Hilbert specialization property.
Continue with the notation from §3.1.1. We give two situations where
infinitely many specializations from theorem 3.1 have Galois group G.
(a) Hilbertian base field. Assume that k is hilbertian and fix an el-
ement θ as in addendum 3.1. From [Gey78, lemma 3.4], there exist
infinitely many distinct elements u ∈ ⋂sl=1APl such that the special-
izations Et0,u/k of E/k(T ) at t0,u = θ+u
∏
l∈S x
al+1
Pl
are linearly disjoint
and each has Galois group G. Hence corollary 3.3 below follows:
Corollary 3.3. For infinitely many distinct points t0 ∈ kr{t1, . . . , tr}
in some arithmetic progression, the specializations Et0/k of E/k(T ) at
t0 are linearly disjoint and each satisfies the following two conditions:
(1) Gal(Et0/k) = G,
(2) for each index j ∈ {1, . . . , s}, the inertia group of Et0/k at Pj is
generated by some element of C
aj
ij
.
(b) g-complete hypothesis. Recall that a set Σ of conjugacy classes of G
is said to be g-complete (a terminology due to Fried [Fri95]) if no proper
subgroup of G intersects each conjugacy class in Σ. For instance, the
set of all conjugacy classes of G is g-complete [Jor72].
Assume in corollary 3.4 below that k is a number field and the set
{C1, . . . , Cr} is g-complete.
Corollary 3.4. For any point t0 ∈ kr {t1, . . . , tr} in some arithmetic
progression, the specialization Et0/k of E/k(T ) at t0 satisfies the fol-
lowing two conditions:
(1) Gal(Et0/k) = G,
(2) for each index j ∈ {1, . . . , s}, the inertia group of Et0/k at Pj is
generated by some element of C
aj
ij
.
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Proof. For each index i ∈ {1, . . . , r}, pick a prime divisor P ′i of mti(T ) ·
m1/ti(T ) which is a good prime for E/k(T ) unitizing ti (such a prime
may be found since, from the Tchebotarev density theorem, mti(T ) ·
m1/ti(T ) classically has infinitely many distinct prime divisors). As-
sume that the primes P ′1, . . . ,P ′r,P1, . . . ,Ps are distinct.
Apply theorem 3.1 to the larger set of primes {Pj / j ∈ {1, . . . , s}}∪
{P ′i / i ∈ {1, . . . , r}}, each Pj given with the couple (ij, aj) of the state-
ment and each P ′i with the couple (i, 1). The conclusion on the primes
P1, . . . ,Ps is exactly part (2) of corollary 3.4 and, according to our g-
complete hypothesis, that on the primes P ′1, . . . ,P ′r provides part (1).
To obtain that t0 can be any term in some arithmetic progression,
we use the more precise conclusion of addendum 3.1. It provides some
θ ∈ k such that conditions (1) and (2) simultaneously hold at any t0,u =
θ + u (
∏
l∈S x
al+1
Pl
·∏l∈S′ x2P ′
l
) 6∈ {t1, . . . , tr}, with S ′ the set of all i ∈
{1, . . . , r} such that ti 6=∞ and u any element of k satisfying vPj (u) ≥ 0
for each j ∈ {1, . . . , s} and vP ′i(u) ≥ 0 for each i ∈ {1, . . . , r}. 
Remark 3.5. More generally, the proof shows that the conclusion of
corollary 3.4 remains true if there exists some subset I ⊂ {1, . . . , r}
satisfying the following two conditions:
(1) the set {Ci / i ∈ I} ∪ {Cajij / j = 1, . . . , s} is g-complete,
(2) for each index i ∈ I, the polynomial mti(T ) ·m1/ti(T ) has infinitely
many distinct prime divisors.
In particular, we do not require the base field k to be hilbertian.
3.2. Examples. Fix k = Q (for simplicity) and let G be a finite group.
As a consequence of corollary 3.3, we obtain that
(∗∗) there is a finite set Sexc of primes such that, given a finite set S
of primes, there are infinitely many linearly disjoint Galois extensions
of Q of group G which each ramifies at each prime of S r Sexc,
provided that the following condition is satisfied:
(H1/Q) there is a Galois extension E/Q(T ) of group G with E/Q reg-
ular and at least one Q-rational branch point7.
Not all finite groups satisfy the inverse Galois theory condition (H1/Q):
for example, [DF90, corollary 1.3] shows that such a finite group should
be of even order8. But some do. We recall below several of them to
which we then apply corollary 3.3.
7More generally, condition (∗∗) remains true if there is a Galois extension
E/Q(T ) of group G with E/Q regular and such that all but finitely many primes
are prime divisors of the polynomial mt(T ) ·m1/t(T ) (introduced in §2.3).
8This remains true if Q is replaced by any number field k ⊂ R.
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3.2.1. Symmetric groups. Let n, m, q, r be positive integers such that
n ≥ 3, 1 ≤ m ≤ n, (m,n) = 1 and q(n − m) − rn = 1. Denote the
splitting field over Q(T ) of the trinomial Xn−T rXm+T q by E. Then
the extension E/Q is regular and the splitting extension E/Q(T ) has
Galois group Sn and branch point set {0,∞, mmn−n(n−m)n−m}, with
corresponding inertia groups generated by the disjoint product of an
m-cycle and an (n−m)-cycle at 0, an n-cycle at∞ and a transposition
at mmn−n(n−m)n−m. See [Sch00, §2.4].
As Sn has trivial center, one easily shows that the bad primes for
E/Q(T ) are exactly the primes ≤ n. Then corollary 3.6 below imme-
diately follows from corollary 3.3 (and lemma 2.1):
Corollary 3.6. Given a positive integer s, fix s distinct primes p1, . . . , ps
> n and s couples (C1, a1), . . . , (Cs, as) where, for each j ∈ {1, . . . , s},
- Cj is the conjugacy class in Sn of all the n-cycles or of all the disjoint
products of an m-cycle and an (n−m)-cycle or of all the transpositions,
- aj is a positive integer.
Then, for infinitely many distinct points t0 ∈ Q, the splitting extensions
Et0/Q over Q of the trinomials X
n − t0rXm + t0q are linearly disjoint
and each satisfies the following two conditions:
(1) Gal(Et0/Q) = Sn,
(2) for each index j ∈ {1, . . . , s}, the inertia group of Et0/Q at pj is
generated by some element of C
aj
j .
As the inertia canonical conjugacy class set of E/Q(T ) is g-complete
[Sch00, §2.4], one may use corollary 3.4 (instead of corollary 3.3) to
obtain a more precise conclusion on points t0 at which the conclusion
holds (at the cost of dropping the linearly disjointness condition).
3.2.2. The Monster and other groups. Let G be a centerless finite group
which occurs as the Galois group of a Galois extension E/Q(T ) such
that E/Q is regular and with branch point set {0, 1,∞}. It is easily
checked that the set of bad primes for such an extension is exactly the
set of prime divisors of the order of G.
From the rigidity method, several centerless finite groups are known
to occur as the Galois group of such an extension of Q(T ) (see e.g.
[Ser92] and [MM99]). For example, applying corollary 3.3 to that of
group the Monster group M, branch point set {0, 1,∞} and inertia
canonical invariant (2A, 3B, 29A) (according to the Atlas [C+85] nota-
tion for conjugacy classes of finite groups) provides corollary 3.7 below:
Corollary 3.7. Given a positive integer s, fix s distinct primes p1, . . . , ps
≥ 73 or in {37, 43, 53, 61, 67} and s couples (C1, a1), . . . , (Cs, as) where,
for each index j ∈ {1, . . . , s},
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- Cj is a conjugacy class of M in {2A, 3B, 29A},
- aj is a positive integer.
Then there exist infinitely many linearly disjoint Galois extensions of
Q of group M whose inertia group at pj is generated by some element
of C
aj
j for each index j ∈ {1, . . . , s}.
3.3. Conjoining theorem 3.1 and previous results. Fix k = Q for
simplicity. As already noted in remark 3.2, theorem 3.1 also includes
trivial ramification. Previous works, namely [DG11] and [DG12], are
concerned with this kind of conclusions: De`bes and Ghazi show that,
for each finite group G, any Galois extension E/Q(T ) of group G such
that E/Q is regular has specializations with the same group which
each is unramified at any finitely many prescribed large enough primes
and such that the associated Frobenius at each such prime is in any
specified conjugacy class of G.
As stated in theorem 3.8 below, it is in fact possible to conjoin these
two results to obtain Galois extensions of Q of various finite groups
with specified local behavior at finitely many given primes.
3.3.1. Statement of the result. Let G be a finite group and E/Q(T ) a
Galois extension of group G with E/Q regular. Denote its branch point
set by {t1, . . . , tr} and its inertia canonical invariant by (C1, . . . , Cr).
Let Sra and Sur be two disjoint finite sets of good9 primes for E/Q(T )
such that Sur 6= ∅ and each prime p ∈ Sur satisfies p ≥ r2|G|2 10. For
each prime p ∈ Sur, fix a conjugacy class Cp of G. For each prime
p ∈ Sra, let ap be a positive integer and ip ∈ {1, . . . , r} such that
tip 6=∞, p unitizes tip and is a prime divisor of mtip (T ) ·m1/tip (T ).
Assume in theorem 3.8 below that the set {Capip / p ∈ Sra}∪{Cp / p ∈
Sur} is g-complete. At the cost of throwing in more primes in Sur with
appropriate associated conjugacy classes of G, we may assume that this
hypothesis holds.
Theorem 3.8. There exists some integer θ satisfying the following
conclusion. For each integer t0 ≡ θ mod (
∏
p∈Sur
p ·∏p∈Sra pap+1), t0
is not a branch point and the specialization Et0/Q of E/Q(T ) at t0
satisfies the following three conditions:
(1) Gal(Et0/Q) = G,
(2) for each prime p ∈ Sra, the inertia group of Et0/Q at p is generated
by some element of C
ap
ip ,
9Condition (4) of definition 2.6 may be removed for primes in Sur.
10In [DG12], the bound is p ≥ 4r2|G|2. This slight difference comes from a slight
technical improvement in the bounds obtained from the Lang-Weil estimates (see
[DL13, §3.2]).
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(3) for each prime p ∈ Sur, p does not ramify in Et0/Q and the associ-
ated Frobenius is in the conjugacy class Cp.
Remark 3.9. (1) The condition in the data requiring finitely many
primes to be left aside cannot be removed in general. Otherwise, given
a prime p, either one of conditions (2) and (3) provides specializations
of E/Q(T ) which each does not ramify at p. As a consequence of re-
sults of Plans and Vila, this last conclusion does not hold in general
[PV05, propositions 2.3 and 2.5].
(2) The Specialization Inertia Theorem provides some limitations to
the natural question of prescribing the decomposition group at each
prime p ∈ Sra of the specialization Et0/Q. Indeed, if a given solvable
subgroup H ⊂ G is the decomposition group at a given large enough
prime p of some specialization of E/Q(T ) ramifying at p, thenH should
contain some non trivial power of some element of some inertia canon-
ical conjugacy class (and so the order of H is not relatively prime to
the product of the ramification indices of the branch points). Here is
an example where this condition does not hold.
Fix an odd prime p′ and an integer n such that n ≥ p′2 and p′ does not
divide n(n−1). Next pick a prime p such that p > n and p ≡ 1 mod p′.
Now consider the Galois extension E/Q(T ) of group G = Sn with E/Q
regular and branch point set {0, 1,∞} provided by the rigid triple
of conjugacy classes of Sn given by that of all the n-cycles, that of
all the (n − 1)-cycles and that of all the tranpositions. Next fix a
Galois extension Fp/Qp of group H = Z/p
′Z × Z/p′Z ⊂ G = Sn (as
n ≥ p′2); such an extension exists as p ≡ 1 mod p′. Then Fp/Qp is
not a specialization of EQp/Qp(T ). Indeed, as p > n and 0, 1 and ∞
are the branch points, part (2) of the Specialization Inertia Theorem
shows that the ramification index of the valuation ideal pZp in any
specialization of EQp/Qp(T ) is a divisor of 2n(n − 1). As p > n, the
ramification index of pZp in Fp/Qp is equal to p
′ and our claim follows.
3.3.2. Proof of theorem 3.8. We first recall how [DG12] handles con-
dition (3). Fix a prime p ∈ Sur and an element gp ∈ Cp. Denote
the order of gp by ep. Let Fp/Qp be the unique unramified Galois
extension of Qp of degree ep, given together with an isomorphism
f : Gal(Fp/Qp) → 〈gp〉 satisfying f(σ) = gp with σ the Frobenius
of the extension Fp/Qp. Let ϕ : GQp → 〈gp〉 be the corresponding epi-
morphism. Since p ≥ r2|G|2 and p is a good prime for E/Q(T ), [DG12]
provides some integer θp such that, for each integer t ≡ θp mod p, t
is not a branch point and the specialization (EQp)t/Qp corresponds to
the epimorphism ϕ.
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For each prime p ∈ Sra, addendum 3.1 provides some integer θ′p such
that, for every integer t satisfying t ≡ θ′p mod pap+1 and t 6∈ {t1, . . . , tr},
the inertia group at p of the specialization Et/Q is generated by some
element of C
ap
ip .
Next use the chinese remainder theorem to find some integer θ sat-
isfying θ ≡ θp mod p for each prime p ∈ Sur and θ ≡ θ′p mod pap+1
for each prime p ∈ Sra. Then, for every integer t0 such that t0 ≡
θ mod (
∏
p∈Sur
p ·∏p∈Sra pap+1), t0 is not a branch point and the spe-
cialization Et0/Q of E/Q(T ) at t0 satisfies conditions (2) and (3).
Finally, for such a specialization point t0, one has Gal(Et0/Q) = G
according to our g-complete hypothesis, thus ending the proof.
3.4. Proof of theorem 3.1. We first show theorem 3.1 under the
extra assumption that the set S from addendum 3.1 satisfies S =
{1, . . . , s} (§3.4.1) and next consider the case S 6= {1, . . . , s} (§3.4.2).
For simplicity, denote in this subsection the irreducible polynomials
over k of ti1 , . . . , tis (resp. of 1/ti1 , . . . , 1/tis) by mi1(T ), . . . , mis(T )
(resp. by m∗i1(T ), . . . , m
∗
is(T )) respectively.
3.4.1. First case: S = {1, . . . , s}. The main part of the proof consists
in showing that there is an element θ ∈ A (not depending on j) such
that vPj (mij (θ)) = aj for each index j ∈ {1, . . . , s}. Indeed, for such
a θ, fix u ∈ ⋂sl=1APl such that t0,u = θ + u ∏sl=1 xal+1Pl is not a branch
point. For each index j ∈ {1, . . . , s}, one then has vPj (mij (t0,u)) = aj
(remark 2.11), i.e. IPj (t0,u, tij ) = aj . Next apply part (1) of lemma 2.5
and part (2) of the Specialization Inertia Theorem to conclude.
According to our assumptions, Pj is a prime divisor of mij (T ) or of
m∗ij (T ) for each index j ∈ {1, . . . , s}. In fact, from lemma 3.10 below,
one may drop the polynomials m∗i1(T ), . . . , m
∗
is(T ).
Lemma 3.10. For each j ∈ {1, . . . , s}, Pj is a prime divisor of mij (T ).
Proof. Indeed, if Pj is a prime divisor of m∗ij (T ) for some index j,
then there exists some element t ∈ APj such that m∗ij (t) ∈ PjAPj . In
particular, one has tij 6= 0 (otherwise 1 = m∗ij (t) ∈ PjAPj ). Since
Pj unitizes tij , the constant coefficient a0 of mij (T ) satisfies vPj (a0) =
0 and, from tij 6= ∞, one has t 6∈ PjAPj . Hence, from m∗ij (t) =
(1/a0) t
nmij (1/t) (with n = deg(mij (T ))), one has mij (1/t) ∈ PjAPj ,
i.e. Pj is a prime divisor of mij (T ). 
Remark 3.11. In particular, lemma 3.10 shows that, if∞ is not a branch
point, then the two polynomials mt(T ) and mt(T ) ·m1/t(T ) have the
same prime divisors (up to finitely many).
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For each index j ∈ {1, . . . , s}, pick an element θj ∈ APj such that
vPj (mij (θj)) > 0. The core of the construction consists in replacing
the s-tuple (θ1, . . . , θs) by some suitable s-tuple (θ
′
1, . . . , θ
′
s) satisfying
vPj (mij (θ
′
j)) = aj for each index j ∈ {1, . . . , s}.
Lemma 3.12. Let j ∈ {1, . . . , s} and d be a positive integer. Then
there exists an element θj,d ∈ APj such that vPj (mij (θj,d)) = d.
Proof. We show lemma 3.12 by induction. If vPj (mij (θj)) = 1, one can
obviously take θj,1 = θj . Otherwise, as noted in the last paragraph of
the proof of proposition 2.9, one can take θj,1 = θj + xPj ∈ APj .
We now explain how to produce an element θj,2 ∈ APj . From lemma
2.8, one has vPj (m
′
ij
(θj,1)) = 0 and then m
′
ij
(θj,1) 6= 0. First assume
that (1/2)m′′ij(θj,1) ∈ APj rPjAPj and set u = −(mij (θj,1)/m′ij(θj,1))+
x3Pj . Taylor’s formula yields
mij (θj,1 + u) = x
3
Pj
m′ij (θj,1) + (1/2)u
2m′′ij (θj,1) + u
3Rj
with Rj ∈ APj . Hence one can take θj,2 = θj,1 + u (this is an el-
ement of APj since vPj (u) = 1) since one has vPj (x
3
Pj
m′ij (θj,1)) =
3, vPj ((1/2)u
2m′′ij (θj,1)) = 2 and vPj (u
3Rj) ≥ 3. Now assume that
vPj ((1/2)m
′′
ij
(θj,1)) ≥ 1 and set u˜ = −(mij (θj,1)/m′ij (θj,1)) + x2Pj . Tay-
lor’s formula yields
mij (θj,1 + u˜) = x
2
Pj
m′ij (θj,1) + (1/2)u˜
2m′′ij (θj,1) + u˜
3Rj
with Rj ∈ APj . Then one can take θj,2 = θj,1 + u˜ (this is an ele-
ment of APj since vPj (u˜) = 1) since one has vPj (x
2
Pj
m′ij (θj,1)) = 2,
vPj ((1/2)u˜
2m′′ij (θj,1)) ≥ 3 and vPj (u˜3Rj) ≥ 3.
Now fix an integer d ≥ 2 and assume that an element θj,d ∈ APj
has been constructed. We produce below an element θj,d+1 ∈ APj .
As before, one has vPj (m
′
ij
(θj,d)) = 0 and then m
′
ij
(θj,d) 6= 0. Set
u = −(mij (θj,d)/m′ij(θj,d)) + xd+1Pj . Taylor’s formula yields
mij (θj,d + u) = x
d+1
Pj
m′ij (θj,d) + u
2Rj
with Rj ∈ APj . Then one can take θj,d+1 = θj,d + u (this is an element
of APj since vPj (u) = d) since one has vPj (x
d+1
Pj
m′ij (θj,d)) = d + 1 and
vPj (u
2Rj) ≥ 2d > d+ 1 (d ≥ 2). 
For each j ∈ {1, . . . , s}, fix θ′j ∈ APj such that vPj (mij (θ′j)) = aj.
From the chinese remainder theorem, there are infinitely many distinct
θ ∈ A such that θ − θ′j ∈ Paj+1j APj for each j ∈ {1, . . . , s}. Hence,
for such a θ, remark 2.11 shows that one has vPj (mij (θ)) = aj for each
j ∈ {1, . . . , s}, thus ending the proof in the case S = {1, . . . , s}.
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3.4.2. Second case: S 6= {1, . . . , s}. The proof of lemma 3.10 shows
that the prime Pj is a prime divisor of mij (T ) for each index j ∈ S.
Next use lemma 3.12 to pick a |S|-tuple (θj)j∈S ∈
∏
j∈S APj satisfying
vPj (mij (θj)) = aj for each index j ∈ S. Let S∗ = {1, . . . , s} r S, i.e.
S∗ is the set of all the indices j ∈ {1, . . . , s} such that tij = ∞. For
each index j ∈ S∗, denote xajPj by θ∗j .
From the Artin-Whaples theorem (e.g. [Lan02, chapter XII, theorem
1.2]), there exists some element θ ∈ k satisfying these two conditions:
(i) vPj (θ − θj) ≥ aj + 1 (and so vPj (θ) ≥ 0) for each index j ∈ S,
(ii) vPj (θ− (1/θ∗j )) ≥ aj + 1 (and so vPj (θ) < 0) for each index j ∈ S∗.
Fix an element u ∈ ⋂sl=1APl such that t0,u = θ + u ∏l∈S xal+1Pl is not
a branch point. We show below that IPj (t0,u, tij) = aj for each index
j ∈ {1, . . . , s}. As in §3.4.1, it then remains to apply part (1) of lemma
2.5 and part (2) of the Specialization Inertia Theorem to conclude.
Let j ∈ S. Since vPj (t0,u) ≥ 0, one has IPj (t0,u, tij ) = vPj (mij(t0,u))
and, as in the case S = {1, . . . , s}, one has vPj (mij (t0,u)) = aj .
Let j ∈ S∗. Since tij = ∞ and vPj (t0,u) = vPj (θ) < 0, one has
IPj (t0,u, tij) = vPj (1/t0,u) = vPj (1/θ). But vPj (θ
∗
j ) = aj and vPj ((1/θ)−
θ∗j ) = vPj ((1/θ
∗
j )− θ)− vPj (θ)+ vPj (θ∗j ) ≥ aj +1. Hence vPj (1/θ) = aj.
4. Non parametric extensions over number fields
This section is devoted to non parametric extensions. We first recall
some basics in §4.1. Section 4.2 is devoted to theorem 4.2 which is our
main result to give examples of such extensions. We next apply it to
some classical Galois extensions in §4.3.
4.1. Basics. Let k be a field and G a finite group.
Definition 4.1. Let E/k(T ) be a Galois extension of group G with E/k
regular and {t1, . . . , tr} its branch point set. We say that E/k(T ) is G-
parametric over k if any Galois extension F/k of group G occurs as the
specialization Et0/k of E/k(T ) at t0 for some t0 ∈ P1(k)r {t1, . . . , tr}.
The more general property for which the condition is required for
any Galois extension F/k of group a given subgroup H ⊂ G is studied
in [Leg15].
We briefly recall some known examples of G-parametric and non
G-parametric extensions in the case k = Q.
(1) Positive examples. Let G be a finite group. If G is one of the
groups {1}, Z/2Z, Z/3Z and S3, there exists at least one G-parametric
extension over Q. This comes from (lemma 2.1 and) the fact that these
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four groups (are the only ones to) have a one parameter generic poly-
nomial over Q, i.e. a monic (with respect to X) separable polynomial
P (T,X) ∈ Q[T ][X ] of group G such that, for any extension L/Q, any
Galois extension F/L of group G occurs as the splitting extension over
L of some separable polynomial P (t0, X) with t0 ∈ L [JLY02, page 194].
Here are some examples of G-parametric extensions over Q which are
in fact provided by one parameter generic polynomials over Q:
(a) the extension Q(T )/Q(T ) is {1}-parametric over Q,
(b) the extension Q(
√
T )/Q(T ) is Z/2Z-parametric over Q,
(c) the splitting extension over Q(T ) of the polynomial X3 − TX2 +
(T − 3)X + 1 is Z/3Z-parametric over Q [JLY02, page 30],
(d) the splitting extension over Q(T ) of the trinomial X3 + TX + T is
S3-parametric over Q [JLY02, page 30].
If G is none of the previous four groups, it seems unknown whether
there exists such an extension or not.
(2) Negative examples. In addition to the example with G = Z/2Z
from the introduction, only a few negative examples are known:
(a) no Galois extension E/Q(T ) of group S7 with E/Q regular and branch
point set {0, 1,∞} is S7-parametric over Q [Bec94, example 1.1],
(b) for every finite group G 6= (Z/2Z)2, S3, D4, D6 which occurs as the
Galois group of a totally real Galois extension of Q, no Galois extension
E/Q(T ) of group G with E/Q regular and three branch points is G-
parametric over Q [DF90, proposition 1.2].
4.2. Criteria for non parametricity. Let k be a number field, A the
integral closure of Z in k, G a finite group and E1/k(T ), E2/k(T ) two
Galois extensions of group G with E1/k and E2/k regular. For each
index i ∈ {1, 2}, denote the product of the two polynomials introduced
in §2.3 from the branch points of Ei/k(T ) by mt,i(T ) · m1/t,i(T ) and
the inertia canonical invariant of Ei/k(T ) by (C1,i, . . . , Cri,i).
4.2.1. Statement of the result. Consider the following two conditions:
(Branch Point Hypothesis) there exist infinitely many distinct primes
of A which each is a prime divisor of mt,1(T ) · m1/t,1(T ) but not of
mt,2(T ) ·m1/t,2(T ),
(Inertia Hypothesis) {C1,1, . . . , Cr1,1} 6⊂ {Ca1,2, . . . , Car2,2 / a ∈ N}.
Theorem 4.2. Under either one of these two conditions, the following
non G-parametricity condition holds:
(non G-parametricity) there are infinitely many linearly disjoint Galois
extensions of k of group G which are not specializations of E2/k(T ).
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In particular, the extension E2/k(T ) is not G-parametric over k. More-
over these Galois extensions of k of group G may be obtained by spe-
cializing E1/k(T ).
Remark 4.3. As the Inertia Hypothesis does not depend on the base
field k 11, one obtains, under the Inertia Hypothesis, the following
geometric non G-parametricity condition12:
(geometric non G-parametricity) for any number field k′ containing k,
there are infinitely many linearly disjoint Galois extensions of k′ of
group G which each is not a specialization of E2k
′/k′(T ).
For simplicity, we have only considered the number field case. At the
cost of some technical adjustments, similar criteria also hold for more
general base fields. This is explained in [Leg15].
4.2.2. Proof of theorem 4.2. Denote the branch point set of E1/k(T )
by {t1,1, . . . , tr1,1} and, for each index l ∈ {1, . . . , r1}, the irreducible
polynomial of tl,1 (resp. of 1/tl,1) over k by ml,1(T ) (resp. by m
∗
l,1(T )).
First assume that the Branch Point Hypothesis holds. Then there
exists some index l ∈ {1, . . . , r1} such that the polynomial ml,1(T ) ·
m∗l,1(T ) has infinitely many distinct prime divisors P which each is not
a prime divisor of mt,2(T ) · m1/t,2(T ). Furthermore, up to excluding
finitely many of these primes, one may also assume that such a prime
P satisfies the following two conditions:
(i) P is a good prime for E1/k(T ) unitizing tl,1,
(ii) P is a good prime for E2/k(T ) unitizing each of its branch points.
For such a prime P, apply corollary 3.3 to construct infinitely many
linearly disjoint specializations FP/k of E1/k(T ) of group G which each
ramifies at P. From corollary 2.12, such a specialization FP/k is not a
specialization of E2/k(T ) and the conclusion follows.
Now assume that the Inertia Hypothesis holds. Fix an index l ∈
{1, . . . , r1} such that Cl,1 is not in the set {Ca1,2, . . . , Car2,2 / a ∈ N}.
From the Tchebotarev density theorem, ml,1(T ) ·m∗l,1(T ) has infinitely
many distinct prime divisors P which may be assumed as before to
further satisfy conditions (i) and (ii) above. For such a P, apply corol-
lary 3.3 to construct infinitely many linearly disjoint specializations
FP/k of E1/k(T ) of group G whose inertia group at P is generated by
some element of Cl,1. If such a specialization FP/k is a specialization
of E2/k(T ), then, from the Specialization Inertia Theorem, there exist
11This is obviously false for the Branch Point Hypothesis.
12As in theorem 4.2, one may add that the Galois extensions of group G whose
existence is claimed may be obtained by specialization.
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some index j ∈ {1, . . . , r2} and some positive integer a such that the
inertia group of FP/k at P is generated by some element of Caj,2; a
contradiction. Hence the conclusion follows.
4.3. Examples. Given a number field k, we now use theorem 4.2 to
give some new examples of non G-parametric extensions over k. Our
method consists in comparing the ramification data (branch points and
inertia canonical invariants) of two Galois extensions of k(T ) with the
same group G. From theorem 4.2, one obtains practical sufficient con-
ditions related to the ramification data of a single Galois extension
E/k(T ) of group G with E/k regular for this extension not to be G-
parametric over k. Corollaries 4.4 and 4.7 below are typical examples
of this approach. We next apply these results to some classical Galois
extensions of k(T ) of group G (e.g. corollaries 4.5 and 4.6).
4.3.1. Galois extensions with four branch points. Let G be a finite
group and k a number field. Assume that the following condition,
which has already appeared in §3.2 in the case k = Q, is satisfied:
(H1/k) there is a Galois extension E/k(T ) of group G with E/k regular
and at least one k-rational branch point.
As already noted in §3.2, not all finite groups satisfy condition (H1/k)
for a given number field k. However every finite group satisfies condi-
tion (H1/k) for suitable number fields k.
Indeed it classically follows from the Riemann existence theorem
that, if r is strictly bigger than the rank of G and t1, . . . , tr are r dis-
tinct points in P1(Q), then there exists some Galois extension E/Q(T )
of group G and branch point set {t1, . . . , tr} (e.g. [De`b01, §12]). Hence
condition (H1/k) holds for every number field k that is a field of defi-
nition of E/Q(T ) and of at least one of its branch points.
Corollary 4.4. Let E/k(T ) be a Galois extension of group G with E/k
regular and four branch points. Assume that none of them is k-rational.
Then E/k(T ) satisfies the (non G-parametricity) condition.
In the case E/k(T ) has at least one k-rational branch point, the proof
below fails. However the conclusion of corollary 4.4 may still happen:
we give in [Leg15] a Galois extension E/Q(T ) of group S3 such that
E/Q is regular and with two Q-rational and two complex conjugate
branch points which satisfies the (non S3-parametricity) condition.
Proof. The branch points of E/k(T ) lead to either only one orbit O1 of
cardinality 4 or two orbits O2 and O3 of cardinality 2 under the action
of Gk. For each index i ∈ {1, 2, 3}, pick ti ∈ Oi. From remark 3.11
and our assumption on the branch points, the polynomials mt1(T ) and
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mt(T )·m1/t(T ) in the first situation,mt2(T )·mt3(T ) andmt(T )·m1/t(T )
in the second one, have the same prime divisors (up to finitely many).
We show below that there exist infinitely many distinct primes of the
integral closure A of Z in k which each is not a prime divisor of mt1(T )
(resp. ofmt2(T )·mt3(T )). With E ′/k(T ) any Galois extension of group
G with E ′/k regular and at least one k-rational branch point (condition
(H1/k)), this shows that E ′/k(T ) and E/k(T ) satisfy the Branch Point
Hypothesis. Theorem 4.2 provides the desired conclusion.
In the first case, our claim follows from the irreducibility of mt1(T )
over k and the fact that deg(mt1(T )) ≥ 2 (e.g. [Hei67, theorem 9]).
In the second one, first assume that k(t2) = k(t3). Then mt2(T ) and
mt3(T ) have the same prime divisors (up to finitely many). As in the
first case, there exist infinitely many distinct primes which each is not
a prime divisor of mt2(T ), and so not of mt2(T ) ·mt3(T ) either.
Now assume that k(t2) 6= k(t3). For each index i ∈ {2, 3}, let σi :
Gal(k(ti)/k)→ S2 be the action of Gal(k(ti)/k) on the roots of mti(T ).
Then Gal(k(t2, t3)/k) is isomorphic to Gal(k(t2)/k)×Gal(k(t3)/k) and
σ2×σ3 : Gal(k(t2)/k)×Gal(k(t3)/k)→ S4 corresponds to the action of
Gal(k(t2, t3)/k) on the roots of mt2(T ) ·mt3(T ). From the Tchebotarev
density theorem, there exist infinitely many distinct primes of A such
that the associated Frobenius is conjugate in Gal(k(t2, t3)/k) to (g2, g3)
where, for each index i ∈ {2, 3}, gi denotes the unique non trivial
element of Gal(k(ti)/k). Hence none of these primes is a prime divisor
of mt2(T ) ·mt3(T ), thus ending the proof. 
We now apply corollary 4.4 to some classical Galois extensions of
k(T ). Our first example is devoted to quadratic extensions while our
second one is concerned with a Galois extension of group the alternating
group A5 produced by Mestre [Mes90].
First remark that condition (H1/k) holds for each of these two groups
over any number field k (e.g. [Ser92, proposition 7.4.1 and theorem
8.2.2] for A5).
(a) Let k be a number field, P (T ) ∈ k[T ] a separable polynomial and
{t1, . . . , tr} its root set. One easily shows that (1,
√
P (T )) is a Q[T ]-
basis of the integral closure ofQ[T ] inQ(T )(
√
P (T )). Hence the branch
point set of the extension k(T )(
√
P (T ))/k(T ) is either {t1, . . . , tr} or
{t1, . . . , tr}∪{∞}. Moreover its branch point number is even from the
Riemann-Hurwitz formula. Then corollary 4.5 below follows:
Corollary 4.5. Assume that deg(P (T )) = 4 and P (T ) has no root
in k. Then the extension k(T )(
√
P (T ))/k(T ) satisfies the (non Z/2Z-
parametricity) condition.
24 FRANC¸OIS LEGRAND
(b) Let k be a number field such that Q(i) ⊂ k. From [Mes90], the
splitting field over k(T ) of P (T,X) = (X5−X)−T (25X4−9) provides
a Galois extension E/k(T ) of group A5 with E/k regular. Its branch
points are the roots of the polynomial S(T ) = 1 + (55 · 33) T 4.
From 3S(T/15) = 3 + 5T 4 = (1/5) (5T 2 − i√15) (5T 2 + i√15) (and
the fact that i ∈ k), the following two conditions hold:
- the polynomial S(T ) is irreducible over k if and only if
√
15 6∈ k,
- the polynomial S(T ) is the product of two quadratic irreducible poly-
nomials over k if and only if 5i
√
15 ∈ k r k2.
Then corollary 4.6 below follows:
Corollary 4.6. Assume that Q(i) ⊂ k and 5i√15 6∈ k2. Then the
extension E/k(T ) satisfies the (non A5-parametricity) condition.
4.3.2. Regular realizations of symmetric groups. Let n ≥ 3 be an inte-
ger. Recall that the type of a permutation σ ∈ Sn is the (multiplicative)
divisor of all lengths of disjoint cycles involved in the cycle decompo-
sition of σ (for example, an n-cycle is of type n1). The conjugacy class
in Sn of elements of type 1
l1 . . . nln is denoted by [1l1 . . . nln ].
Let k be a number field and E/k(T ) a Galois extension of group Sn
with E/k regular. Denote its inertia canonical invariant by (C1, . . . , Cr).
Corollary 4.7. Assume that the following condition holds:
(H2) one of the conjugacy classes [n1], [m1(n −m)1], where m is any
integer such that 1 ≤ m ≤ n and (m,n) = 1, is not in {C1, . . . , Cr}.
Then E/k(T ) satisfies the (geometric non Sn-parametricity) condition.
An example of Galois extension of k(T ) of group Sn satisfying con-
dition (H2) is given after the proof below.
Proof. First assume that [n1] is not in {C1, . . . , Cr}. Then [n1] is not
in {Ca1 , . . . , Car / a ∈ N} either. With E ′/k(T ) any Galois extension of
group Sn with E/k regular and inertia canonical invariant ([n
1], [m1(n−
m)1], [1n−221]) [Ser92, §7.4.1 and theorem 8.1.1], this shows that the
two extensions E ′/k(T ) and E/k(T ) satisfy the Inertia Hypothesis.
Remark 4.3 provides the desired conclusion.
If [m1(n−m)1] is not in {C1, . . . , Cr} for some m as in the statement,
repeat the same argument with [n1] replaced by [m1(n−m)1]. 
For example, the regular realization of Sn used in the proof satisfies
condition (H2) if ϕ(n) ≥ 3 (with ϕ the Euler function), i.e. if n = 5 or
n ≥ 7. Other examples are given in [Leg15].
Moreover condition (H2) obviously holds if r ≤ ϕ(n)/2. This and
the Riemann existence theorem may be conjoined to give examples of
non Sn-parametric extensions over suitable number fields if ϕ(n) ≥ 6.
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